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Nonlinear Aerodynamics of Bodies of Revolution in Free Flight

L. L. Levy Jr.* anp M. ToBak*
NASA Ames Research Center, Moffett Field, Calif.

A nonlinear aerodynamic moment system is formulated for arbitrary motions of bodies of

revolution in free flight. The total moment is shown to be compounded of the contributions

from four simple motions, and a clear physical meaning is attached to each contribution.
Particular distinection is made between the side-moment contribution caused by coning mo-
tion, and that as a result of classical Magnus motion. An example is included to illustrate a
possible misinterpretation of results from motion analyses where this distinction is not made.

Nomenclature

Cp = drag coeflicient, 2 (drag force)/pV2S

CL = lift coeflicient, 2 (lift foree)/pV2S

Cy = gide-force coefficient, 2 (side force)/pV2S

Cyz = normal-force coefficient, 2 (normal force)/pV?2S

(oF; = rolling-moment coefficient, 2./ V2SI

Cp = pitching-moment coefficient, 244 /p V281

Cy = side-moment coefficient, 2N¥/pV2S]

Gl6(g),¢(¢), = functional notation: value at £ = ¢ of a time-
MNE),q(E), dependent function which depends on all
r(£)] values taken by the five argument functions

8(8), (&), ME), q¢), and r(¢) over the in-
terval 0 < £ < ¢
Iopyp,d 25 = moments of inertia about body axes xs,ys,28;
Iyp = Iop

L = moment about axis of cylindrical symmetry
(Fig. 1)

l = reference length

M = moment about an axis normal to the plane of
the resultant angle of attack (about y, Fig. 1)

m = body mass

N = moment about an axis in the plane of the re-
sultant angle of attack (about 2, Fig. 1)

PB,YB,TB = components along the zr,yszz axes, respec-

tively, of the total angular velocity of the
body axes relative to inertial space
q,r = components of angular velocity along the ¥,z
axes, respectively, [Eq. (4)]
reference area
dimensionless distance, (1/1)f Vd¢
time
components of flight velocity along zs,ys,25
axes, respectively, (Fig. 1)
flight velocity
body-fixed axes, origin at center of gravity, xz
coincident with axis of cylindrical symmetry
(Fig. 1)
aerodynamic-moment axes, origin at center of
gravity, ©s, z in the plane of the resultant
angle of attack, y,z in the crossflow plane
normal to the resultant angle-of-attack plane
(Fig. 1)
x5, 1,2 = nonrolling axes (with respect to inertial space),
origin at center of gravity, 7,7 in the cross-
flow plane (Fig. 1)
v = dimensionless axial component of velocity
[Fig. 1 and Eq. (2)]
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8 = magnitude of the dimensionless crossflow ve-
locity in the aerodynamic-moment axis
system [Fig. 1 and Eq. (2)]

€ = tane [Fig. 1 and Eq. (2)]

A = angular inclination from the ¢ axis of the

crossflow-velocity vector (Fig. 1)
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dimensionless complex-crossflow-velocity vee-
tor in the nonrolling axis system [Kq. (12)]

atmospheric mass density

resultant angle of attack defined by zz axis
and velocity vector (Fig. 1)

coning rate of zp axis about the constant-
velocity vector of a body in level flight

angular inclination from the § axis of the yp
axis [Fig. 1 and Eq. (1)]

angular inclination from the crossflow-velocity
vector of the zg axis (Fig. 1)
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Introduction

AN earlier study! proposed a formulation of the aero-
dynamic moment system, which does not depend on a
linearity assumption and is capable of accounting for the
coupling between motions that may oceur during large-
amplitude nonplanar maneuvers. By nonlinear functional
analysis, it was shown that the moments for an arbitrary
motion about the center of gravity may be compounded
of the contributions from four simple motions, three of which
are well known. The fourth, coning motion, was investi-
gated experimentally and shown to yield a side moment
that was a potential causative agent in the occurrence of
large amplitude circular limit motions.

The previous analysis was limited to cases in which the
center of gravity traverses a straight and level path at con-
stant velocity. The purpose of the present work is to extend
the analysis to the general case where the motion of the center
of gravity is arbitrary. It will be shown that, despite the
greater freedom of motion, the moments still may be com-
pounded of the contributions from the same four simple
motions. Some of the consequences of the new formulation
will be examined. In particular, it will be demonstrated
that unless the contributions to side moment caused by coning
and by Magnus motion are properly distinguished, programs
for extracting nonlinear aerodynamic coefficients from flight
data may yield misleading results.

Analysis

Nonlinear Formulation of Aerodynamic Moment System

The first and prineipal step in formulating the aerodynamic
moment system, by the use of functional analysis, is the
designation of the variables on which the moments depend.
For the body of revolution, this can be done by considering
the flow in a plane normal to the body axis of cylindrical
symmetry (i.e., the crossflow plane) referred to a nonrolling
axis system.
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Crossflow plane

Let us attach body-axis coordinates zs, ys, and zz to the
center of gravity where x5 is alined with the axis of ¢ylindrical
symmetry. The plane formed by yg, 2s is the crossflow
plane, illustrated in Fig. 1a. We specify that the axis system
zg, §, and Z be nonrolling with respect to inertial space, so
that the angle ¢ through which the body axes have rolled
at any time ¢ can be defined relative to the nonrolling axis
system as

¢ = fo‘ padr 1)

pg being the body roll rate, that is, the component of angular
velocity along the zg axis. The velocity vector with magni-
tude 6 is the projection of the resultant angle of attack in the
crossflow plane. We have, from Fig. 1b

& = [/ V)2 + (us/V)*]H/2

sing
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v = ug/V = coso, € = 8/y = tanc

The angular inclination A of the crossflow-velocity vector
is measured relative to the nonrolling axis system; the angular
rate \ is representative of the coning motion of the body
about the velocity vector. We designate by ¢ the angular
inclination of the body axes from the crossflow-velocity
vector; i is the angular rate which properly should char-
acterize the motion producing classical Magnus-type mo-
ments. Clearly, the total roll rate ps is the sum

p3=7\+¢ (3)

In addition, we have the components of angular velocity
gs, T8, respectively, around the body axes ys, 2z.

Functional dependence

It will be convenient to define forces and moments in the
plane of and normal to the plane of the resultant angle of
attack. To this end, we specify crossflow-plane coordinates
¥y, z, with z being alined with the direction of 8. The moment
about the y axis (i.e., about an axis normal to the plane of the
resultant angle of attack) will be called the pitching moment
M. The moment about the z axis (i.e., about an axis in the
plane of the resultant angle of attack) will be called the side
moment &. The moment about zz will be called the rolling
moment L. We refer the angular velocities ¢z, 75 of the body
axes ¥, 2p to the axes y, z through the relation

g+ ir = e¥(gs + irs) )

We now assume that the moment coefficients C;, C,,, and
C.. will be functionals of the variables 8, ¢, and r, and any two
of ps, A, and . We shall choose \ and ¢ in order to bring
out clearly the differing roles of coning and Magnus-type
motions. Thus, for example, we specify that the pitching-
moment coefficient C,, be a functional of the form

C®) = G[6(8),¥(8),N8),0(8)r(H)] (5)

Approximate formulation

With the functional dependence specified, the formulation
of indicial responses and an integral representation of C..(¢)
parallels that described in Ref. 1. Similarly, by assuming
that although & can be large, the rates ¥, X, ¢, and r will be
small, the integral form can be expanded about = 0, A =
0,¢ = 0,r = 0 to yield, to first order in the rates, a sum of
stability derivatives. The result for C',.(¢) is

Cult) = Cul3®) + WU/V)(=350) +
(N/V)Coi (0 38®) + (@l/V)Comg(w 36(8)) +
(V) Conr(38(8) + (B1/V)Cs(3())  (6)
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a) CROSSFLOW PLANE

b)RESULTANT ANGLE-OF-ATTACK PLANE

Fig.1 Axes, angles, and velocity components in the cross-
flow and resultant angle-of-attack planes.

where, in the functional dependence notation, the infinity
symbol indicates steady flow and, for brevity, the zeroes be-
longing to ¢, A, g, and r have been omitted. Thus, the mo-
ment system is fully nonlinear in its dependence upon the
resultant angle of attack and linear in its dependence upon
the angular rates. Analogous expressions for C,() and C;({)
are obtained by substituting C. or C; wherever C, appears
in Eq. (6). Likewise, expressions for the normal-force
coefficient Cz(f) and the side-force coeflicient Cy(f) are ob-
tained by substituting Cz or Cy for C,,.

Interpretation of results

Although it is possible to assign a precise physical meaning
to each term in Eq. (6), it will be found more relevant to
assigh meanings to certain combinations of terms that appear
together naturally in the equations of motion.

Let,

Cng = Crng + ¥C Oy = ¥Cps + 6Cm, @

and rewrite Eq. (6) as
¥l

Cal) = Cul=350) + 1
M1 o L
7 oy Cra(= @) + g = 6) 35 Cug(=380)) +

Y l
Crgl(@ 30) + 5 Cn 80 +

= N £ Culo 50)

Now consider the case of no plunging. We have from
Ref. 1

q¢=q,r1=20p\=né 9)

where ¢ is the coning rate. Then the last two terms in Eq.
(8) vanish and the result is identical in form to Eq. (6) of
Ref. 1. Hence, by direct comparison, the combination of
terms C, + ¥Ca; is the damping-in-pitch in planar motion
(¢ = 0, ¥ = 0) measured at a fixed inclination § = const.
The combination of terms 'yOm-)\ + 8C.,, is the rate of change
with ¢lI/V, evaluated at ¢ = 0, of the pitching moment that
would be measured in a steady coning motion § = const, ¢ =
const, Y = 0. As before, the term C,,( ;5(t)) is the pitching
moment caused by angle of attack in steady planar motion and
the term C,, ¢( @ :8(8)) is the rate of change with ¥1/V, evalu-
ated at ¥ = 0, of the pitching moment that would be mea-
sured in the classical Magnus experiment & = const, § =
const, and ¢ = 0.

For the general case, we return to Eq. (8), where now ¢
— ¢ and r — €\ are not identically zero. However,
it can be shown that retaining terms multiplied by these
quantities in the equations of motion amounts to retaining
products of stability derivatives, the magnitudes of which,
under normal eircumstances, are negligibly small compared
to the principal contributions. Therefore, it is justifiable



2170 L. L. LEVY AND M. TOBAK

X,
L=t 08l ExpERIMENT, REF 2 \///o
— %7 S
— e
Cn /8 —
5 —o

3=sino

Fig. 2 Nonlinear side-moment coefficient caused by con-
ing for a 10° cone at Mach number 2.

to discard the terms multiplied by ¢ — ¢ and r — e\ in the
general case as well. This is a substantial simplification,
since there is then no necessity to undertake the difficult
separate experiments for C,,, alone and C,, alone that would
be required were ¢ — & and r — e\ significantly different
from zero.. Thus, just as in the nonplunging case, the mo-
ments due to an arbitrary motion may be compounded of
the contributions from four simple motions: steady angle
of attack, planar damping-in-pitch at constant angle of
attack, spin at constant angle of attack, and coning at
constant angle of attack. Of the four motions, three have
been studied extensively. The fourth, coning motion, only
recently has been the subject of experimental and theoretical
investigation,?'® and has been shown capable of making a
significant nonlinear contribution to the side moment.

Further simplifications to the moment system

As in the nonplunging case, Eq. (8) and the analogous ex-
pressions for C, and C; admit the existence of moment con-
tributions that normally may be eliminated on the basis of
symmetry arguments. The contributions C,, d><°° :8(),
Cm‘p(oo i0(8), Ca(@;8(t)), and C, (8(t)) may be eliminated on
this basis. Further, none of the rolling-moment contribu-

tions would appear to be significant. We believe that in
certain cases? the classical Magnus term C,  also may be

eliminated. However, we shall retain it in order to point
out a difficulty that arises of Cuy and C,; are not properly

distinguished. Under these conditions, the reduced moment
system may be written

Cu®) = Cu(=;000) + @1/ V)Cuyi(8@)
Cul) = (N/T)(A/7)Cay(28@) + S/ V)Cay(=;8()  (10)
Cit)y =0

Comparison with Murphy’s Formulation

In Refs. 4 and 5, Murphy proposed a nonlinear form for
the aerodynamic moment system of a nonrolling body (pz =
0), based on formal expansion in powers of the complex-
crossflow velocity vector, its derivative, and conjugates
thereof. His result, referred to the nonrolling axis system
7, Z; reads ‘

O 4 100 = —i{leo + e:0* + &*1/V)(IE +
(do + &3HA/V)E} (1)
where
=@+ w)/V = 8 (12)

We may compare this result with Eq. (10) by transferring it
to the axis system y, 2 through the relation

Cn + i€, = e~ N, 4 C) (13)
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Substituting Eq. (11) in Eq. (13) and separating into real
and imaginary parts yields

Cu = 8(co + 8% + (BU/V)(do + dud® + 2e,%6)
. (14)
Co = 8(N/V)(do + dob?)

so that, by direct comparison with Eq. (10) (note that with
ps = 0 we have ¢y = —]A)

Cn(;0) = 8(cy + ¢262)
(I/V)Omv(a) = dy + a6 + 2¢,*62 (15)
1/ 7)Cny(30) — Cay(;0) = 6(dy + dod?)

Thus, our result is compatible with Murphy’s form, extends
it to arbitrary variations in 6, and assigns a physical meaning
to his coefficients.

The form of Murphy’s result reemphasizes an important
point: To first order in § (i.e., small 6 where a linearized
theory can be expected to hold), symmetry requires that
Cun; and (1/0)(Cay — vCay) be equal; but this requirement
does not hold for larger values of 6 where terms of 0(82) must
be retained. The breakdown of thé symmetry requirement
has been at least partially confirmed by the results of recent
experiments on spinning and coning motions of slender cones
at supersonic speeds.? These results, obtained with an
apparatus that allows investigation of separate or combined
coning and spinning motions, are significant in two respects.
First, experiments with purely spinning cones at constant
§ (i.e., the classical Magnus experiment, ¥ = const, ¢ = 0)
failed to reveal a measurable Magnus moment coefficient
C, % and second, the results confirm that with C, J negligibly
small, the equality that should exist at small é is an equality
between the side-moment coefficient due to coning C, 4.)/ 6 and
Cm;.  The main results are shown in Fig. 2, where measured
values of C,;/0 are compared with the theoretical value of
Cn,; 1t will be seen that there is excellent agreement be-
tween the two at small 6. For larger 8, however, where the
leeside vortices appear and become asymmetrically dis-
placed, the equality breaks down. Although a conclusive
demonstration of the breakdown of the equality will require
a separate experiment for C.,, at large o, we can see no reason
why it should be expected to hold when the coefficients be-
come nonlinear functions of o. Subsequently, we wish to
show how failure to acecount for this behavior in the inter-
pretation of flight data can yield misleading results.

Incorporation of Moment System in Equations of Motion

The moment system proposed here [Eq. (10)] can be in-
corporated in existing equations of motion programs by
simple transformations. Adapted to equations of motion
written in body-axis coordinates, the moment system would
read

OmB + iCnB = e—w(Cm + icln) (16)

whereas, adapted to the equations of motion written in the
nonrolling axis system used in aeroballistics, the moment
system would read

In either case, C., and C, are given by Eq. (10).

Using Eq. (17) and following Murphy,* we can reduce the
equations of motion written in nonrolling coordinates to a
single complex equation of the following form

£+ [Hy — (v'/v) — P — [M + <PT —
IN(H, — H))E =G (18)



DECEMBER 1970

where
£ = je
=28 {M_”Cm(w;ﬁ)_ CL(w;B)]’
2m I,g ) )
_pSU[ Cr(=0) .
H, = . {7 3 Cp(w;8) —
miFCrg(38)  Cay(=30) ||
Ls| 7 35 T3
_ P8I Cu(=sd) s b :l
i, = 2 [7 28— Coi8) = T Cu0)

_;ﬁl Cr(x;0) ﬁizon¢(w;6) _&5 CYJ,(‘”;&) !
T‘zm{”’[ I A I 5

P = (s/Lispsl/V, s = (1/DS Vi

and @ is the (normally negligible) gravitational contribution.
Primes indicate differentiation with respect to s. Alter-
natively, by use of the equality

iN = E/E—8"/8 (19)
Equation (18) can be cast in the form

&+ (H — (v'/7v) —iP)¥ —
[M + iPT 4 (8'/8)(H, — Hy)1E = G (20)

Equation (20) is our counterpart of Murphy’s result (Eq.
(3.28), p. 203, Ref. 4), the latter being obtained when HEq.
(11) is used for the aerodynamic moment system.

Discussion

We wish now to examine an important consequence of the
failure to account for the breakdown that probably ocecurs
in the equality between (1/8)(C, 6 — ~vC, ¢) and Cn,. We
shall show that it may result in an erroneous interpretation
of the role played by Magnus moment in determining free-
flight motions. Suppose we have available flight data that
indicate the existence of a circular limit motion § = const,
A = const. When the gravitational contribution can be
neglected, Fq. (18) indicates that a necessary condition on
the aerodynamic parameters for the presence of a-circular
limit motion is

NH, — PT =0 1)

It is also necessary that Hy + H. > 0. Suppose ps is such
that Y’ = 0 (i.e., the body does not spin relative to the cross-
flow-velocity vector). Then the classical Magnus moment
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ought to be identically zero, so that C, J ought not contribute

to the condition Eq. (21). With ¢’ = 0, we have P =
(I.5/Ty5) N, so that Eq. (21) becomes

Hy — (Lp/Ie)T = 0 (22)
Substituting from Eq. (18), and omitting (Cy,/9) ‘, we have
vC1/8[1 — (Lzp/Inp)] — Cp — (mI*/145)C. /6 = 0 (23)

As anticipated, C. J does not appear in Eq. (23). Suppose
now, however, that the method being used for extracting
nonlinear aerodynamic coefficients from the flight data has
incorporated within it an assuraption that (1/8)(C. 6= ~vC. d;)
equals U, for all 6. In effect, one has assumed that H, —
H, is identically zero for all § in Eq. (18). Then the condi-
tion Eq. (23) becomes

CL< IZB> mi? mi?
L1 —2B) Oy — 22, —
7% I SO R B

The first three terms add up essentially to 2mH,/pSl (for
I.p/1,5 < 1), which must be greater than zero. Ience, the
only way left for the combination to equal zero is for C,; to

make up the difference, that is, to be positive and potentially
large. This it what the method of extracting coefficients
would yield, and one would have to conclude that the Magnus
moment is an important factor in determining the motion
whereas, in fact, it does not contribute at all.

This result, it is hoped, should serve as a caution to those
proposing methods of extracting nonlinear aerodynamic
coeflicients from flight data. A proposed method will be no
better than the form of the aerodynamic moment system
incorporated within it.

Cry _ 0 (24)
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